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Abstract

Efficient and expressive comparison of sequences is an essential procedure for learning with se-
quential data. In this article we propose a generic framework for computation of similarity mea-
sures for sequences, covering various kernel, distance and non-metric similarity functions. The
basis for comparison is embedding of sequences using a formal language, such as a set of natu-
ral words, k-grams or all contiguous subsequences. As realizations of the framework we provide
linear-time algorithms of different complexity and capabilities using sorted arrays, tries and suffix
trees as underlying data structures.

Experiments on data sets from bioinformatics, text processing and computer security illustrate
the efficiency of the proposed algorithms—enabling peak performances of up to 10° pairwise com-
parisons per second. The utility of distances and non-metric similarity measures for sequences as
alternatives to string kernels is demonstrated in applications of text categorization, network intru-
sion detection and transcription site recognition in DNA.

Keywords: string kernels, string distances, learning with sequential data

1. Introduction

Sequencesf discretesymbolsare one of the fundamentadatarepresentations1 computersci-
ence.A greatdealof applications—fronsearchenginefo documentanking,from gene nding to
predictionof proteinfunctions,from network suneillancetoolsto anti-virusprograms—critically
dependon analysisof sequentialdata. Providing an interfaceto sequentialdatais thereforean
essentiaprerequisitdor applicationsof machingearningin thesedomains.

Machinelearningalgorithmshave beentraditionallydesignedor vectorialdata—probablygue
to the availability of well-de ned calculusand mathematicaanalysistools. A large body of such
learningalgorithms however, canbeformulatedin termsof pairwiserelationshipdetweerobjects,
which imposesa muchlooserconstrainton the type of datathatcanbe handled.Thus,a powerful
abstractiorbetweeralgorithmsanddatarepresentationsanbe established.

The mostprominentexampleof suchabstractioris kernel-basedearning (e.g.,Muller et al.,
2001; Scholkopf andSmola,2002)in which pairwiserelationshipsetweenobjectsare expressed
by a Mercerkernel,aninnerproductin a reproducingkernelHilbert space.Following the seminal
work of Boseretal. (1992),variouslearningmethodshave beenre-formulatedn termsof kernels,
suchasPCA (Sclholkopf etal., 1998b) ridgeregressionCherkassk etal., 1999),ICA (Harmeling
etal., 2003)andmary others. Although the initial motivationfor the “kerneltrick” wasto allow
efcient computatiorof aninnerproductin high-dimensionafeaturespacesthe importanceof an
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abstractiorfrom datarepresentatiolmasbeenquickly realized(e.g.,Vapnik, 1995). Consequently
kernel-basednethodshave beenproposedor non-\ectorialdomains,suchas analysisof images
(e.g.,Scholkopfetal., 1998a;Chapelleetal., 1999),sequencege.g.,Jaakklaetal., 2000;Watkins,
2000;Zienetal.,2000)andstructureddata(e.g.,Collins andDuffy, 2002;Gartneretal., 2004).

Althoughkernel-basetkarninghasgainedsigni cant attentionin recentyears,a Mercerkernel
is only one of mary possibilitiesfor de ning pairwiserelationshipsbetweenobjects. Numerous
applicationsexist for which relationshipsare de ned asmetric or non-metricdistanceqe.g.,An-
derbeg, 1973;Jacobset al., 2000; von Luxburg and Bousquet,2004), similarity or dissimilarity
measurege.g.,Graepektal., 1999;Rothetal., 2003;LaubandMller, 2004;Laubetal., 2006)or
non-positve kernelfunctions(e.g.,Ongetal., 2004;Haasdonk2005). 1t is thereforeimperatie to
addresgpairwisecomparisorof objectsin amostgeneraketup.

The aim of this contrikution is to develop a generl frameavork for pairwise comparisonof
sequences.lts generalityis manifestedby the ability to handlea large numberof kernel func-
tions, distancesand non-metricsimilarity measuresFrom consideration®f ef ciency, we focus
on algorithmswith lineartime asymptoticcompleity in the sequencdengths—athe expenseof
narraving the scopeof similarity measureshat canbe handled.For example,we do not consider
superlinear comparisoralgorithmssuchasthe Levenshteindistance(Levenshtein, 1966)andthe
all-subsequencdgernel(Lodhi etal., 2002).

The basisof our framevork is embeddingof sequence a high-dimensionafeaturespace
usingaformallanguage, a classicakool of computersciencdor modelingsemantic®f sequences.
Someexamplesof suchlanguagedave beenpreviously usedfor string kernels,suchasthe bag-
of-words, k-gramor contiguous-subsequenkernel. Our formalizationallows oneto usea much
larger setof possiblelanguagesn a uni ed fashion,for examplesubsequencede ned by a nite
setof delimitersor position-dependenanguagesA furtheradvantageof embeddingusingformal
languagess separatiornf embeddingmodelsfrom algorithms,which allows one to investicate
differentdatastructurego obtainoptimalef ciency in practice.

Several datastructureshave beenpreviously consideredor speci ¢ similarity measuressuch
ashashtables(Damashek1995),sortedarrays(Sonnenhrg etal., 2007),tries (Leslieetal., 2002;
Shave-TaylorandCristianini,2004;Riecketal., 2006),sufx treesusingmatchingstatisticyVish-
wanatharmand Smola,2004),sufx treesusingrecursive matching(Rieck et al., 2007) and sufx
arrays(TeoandVishwanathan2006). All of thesedatastructuresallow oneto developlineartime
algorithmsfor computationof certainsimilarity measuresMost of themare alsosuitablefor the
generalfframenork developedin this paper;however, certaintrade-ofs exist betweertheir asymp-
totic run-timecompleity, implementatiordif culty andrestrictionson embeddindanguageshey
canhandle. To provide aninsightinto theseissueswe proposeandanalyzethreedatastructures
suitablefor our framework: sortedarrays tries andsufx treeswith anextensionto sufx arrays.
Themessagef our analysis supportedy experimentakvaluation,is thatthe choiceof anoptimal
datastructuredepend®n theembeddindanguageo beused.

This article is organizedasfollowed: In Section2 we review relatedwork on sequenceom-
parison.In Section3 we introducea generaframewnork for computatiorof similarity measure$or
sequencesAlgorithms anddatastructuredor lineartime computatiorare presentedn Section4.
We evaluatethe run-timeperformanceinddemonstratéhe utility of distinctsimilarity measure#n
Section5. Thearticleis concludedn Section6
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2. Related Work

Assessinghe similarity of two sequencess a classicalproblemof computerscience. First ap-

proachesthestringdistance®f Hamming(1950)andLevenshtein(1966),originatedin thedomain
of telecommunicatiofor detectiorof erroneouslatatransmissionsThedegreeof dissimilaritybe-

tweentwo sequenceis determinedy computingthe shortestraceof operations—insertionsele-
tions and substitutions—thatransformone sequencénto the other(Sanloff and Kruskal, 1983).
Applicationsin bioinformaticsmotivated extensionsand adaptionsof this concept,for example
de ning sequencsimilarity in termsof localandglobalalignmentgNeedlemamndWunsch 1970;

SmithandWaterman1981). However, similarity measurebasedn the Hammingdistancearere-

strictedto sequencesf equallengthandmeasuredervedfrom the Levenshteirdistancge.g.,Liao

andNoble,2003;Vertetal., 2004),comeat the price of computationatompleity: No lineartime

algorithmfor determiningthe shortesttrace of operationss currentlyknown. One of the fastest
exactalgorithmsrunsin O. n’=logn/ for sequencesf lengthn (MasekandPatterson1980).

A differentapproachio sequenceomparisororiginatedn the eld of informationretrieval with
the vectorspaceor bag-of-wordsmodel(Saltonetal., 1975; Salton,1979). Textual documentsare
embeddednto a vectorspacespannedy weightedfrequencie®f containedvords. The similarity
of two documentss assesselly aninnerproductbetweerthe correspondingectors.This concept
was extendedto k-grams—k consecutie characteror words—inthe domainof naturallanguage
processingandcomputefinguistic (e.g.,Suen,1979;CavnarandTrenkle,1994;Damashek]1995).
The ideaof determiningsimilarity of sequenceby aninnerproductwasrevived in kernel-based
learningin the form of bag-of-wordskernels(e.g.,Joachims1998;Druckeretal., 1999;Joachims,
2002) and variousstring kernels(e.qg., Zien et al., 2000; Leslie et al., 2002; Vishwanathanand
Smola,2004).Moreover, researchin bioinformaticsandtext processin@dvancedhecapabilitiesof
stringkernelsfor example by consideringgaps,mismatchesndpositionsin sequencege.g.,Lodhi
etal., 2002;Leslieet al., 2003; Leslie andKuang,2004; Rousuand Shave-Taylor, 2005; Ratsch
etal., 2007). The comparisorframevork proposedn this article shareghe conceptof embedding
sequencewith all of theabove kernelsjn factmostof thelineartime stringkernels(e.g.,Joachims,
1998;Leslieetal., 2002;VishwanatharandSmola,2004)areenclosedn theframework.

A further alternatve for comparisorof sequencesarekernelsderved from generatre proba-
bility models,suchasthe Fisherkernel (Jaaklola et al., 2000) andthe TOP kernel (Tsudaet al.,
2002). Provided a generatie model, for examplea HMM trainedover a corpusof sequencesr
modeledfrom prior knowledge,thesekernelfunctionsessentiallycorrespondo innerproductsof
partial derivativesover modelparametersThe approactenableshe designof highly speci ¢ sim-
ilarity measuresvhich exploit therich structureof generatre models,for example,for prediction
of DNA splicesites(Ratschand Sonnenhrg, 2004). The run-time compleity of the kernelcom-
putation,however, is determinedoy the numberof modelparametersso thatonly simple models
yield run-timelinearin the sequencéengths.Moreover, obtaininga suitableparameteestimateor
aprobabilisticmodelcanbedif cult or eveninfeasiblein practicalapplications.

3. Similarity Measuresfor Sequential Data

Before introducingthe framework for computationof similarity measuresywe needto establish
somebasicnotation. A sequence is a concatenatiomf symbolsfrom analphabetA. The setof
all possibleconcatenationsf symbolsfrom A is denotedby A* andthe setof all concatenations
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of lengthk by AX. A formallanguageL  A* is ary setof nite-length sequencedravn from A
(Hopcroftand Motwani, 2001). The lengthof a sequence is denotedby jxj andthe size of the
alphabeby jAj . A contiguoussubsequenoe of x is denotecoy wv X, apre x of x bywv  x and
asufx bywyv ¢ x. Alternatively, a subsequence of x rangingfrom positioni to j is referredto as

X[i::j].

3.1 Embedding Sequences using a Formal Language

The basisfor embeddingof a sequence is a formal languagel, whoseelementsare sequences
spanningan jLj-dimensionalfeaturespace. We refer to L asthe embeddinganguage andto a
sequencev 2 L asaword of L. Thereexist numerousvaysto de ne L re ecting particularaspects
of applicationdomains,yet we focuson threede nitions that have beenwidely usedin previous
research:

1. Bag-of-words. In thismodel,L correspondso a setof wordsfrom anaturallanguageL can
be eitherde ned explicitly by providing a dictionaryor implicitly by partitioningsequences
accordingo asetof delimitersymbolsD A (e.g.,Salton,1979;Joachims2002).

L D Dictionary (explicit); LD .AnD/* (implicit):

2. K-grams andblended k-grams. For the caseof k-grams(in bioinformaticsoftenreferredto
ask-mers),L is thesetof all sequencesf lengthk (e.g.,Damashek]1995;Leslieetal.,2002).
The modelof k-gramscanfurther be “blended” by consideringall sequencefrom length j
uptok (e.g.,Shave-Taylor andCristianini,2004).

k
L D AX (k-grams) LQ)[ A' (blendeck-grams)
iDj

3. Contiguous sequences. In the mostgeneralcase L correspondso the setof all contiguous
sequencesr alternatively to blendedk-gramswith in nite k (e.g.,VishwanatharandSmola,

2004;Riecketal., 2007). y

¢
LDA* or LD A"
i1

Notethatthealphabe® in theembeddindanguagesnayalsobecomposeaf highersemantic
constructs suchas naturalwords or syntactictokens. In thesecasesa k-gram correspondso k
consecutie wordsor tokens,anda bag-of-wordsmodelscouldrepresentextual clausesr phrases.

Givenanembeddinganguage., a sequence canbe mappednto the jLj-dimensionafeature
spaceby calculatinga functionf . X/ for everyw 2 L appearingn x. The embeddingunction 8
for asequence is givenby

8:x7 . fyw. Xl weL with fy.x/ :Doccwx Wy D)

whereocc w; x/ is thenumberof occurrencesf w in thesequencea andW,, aweightingassigned
to individual words. Alternatively occ. w; x/ maybede ned asfrequeng, probabilityor binary ag
for theoccurrencesf win x.
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While thechoiceanddesignof anembeddindanguagd. offer alargedegreeof e xibility, it is
oftennecessaro re ne theamountof contritutionfor eachwordw 2 L, for exampleit isacommon
practicein text processindo ignorestopwordsandtermsthatdo notcarry semanticontent.In the
embeddindunction (1) suchre nementis realizedby theweightingtermW,,. Thefollowing three
weightingschemesgor de ning W, have beenproposedn previousresearch:

1. Corpus dependent weighting. TheweightW,, is basedntheoccurrencesf win thecorpus
of sequenceseeSaltonetal., 1975). Most notableis theinversedocumenfrequeng (IDF)
weighting,in whichW,, is de ned overthe numberof documentdN andthefrequeng d. w/
of win thecorpus.

Wy Dlog,N log,d. w/ C1:

If occ w;x/ isthefrequeny of win X, the embeddingunction (1) correspondso the well-
known termfrequeng andinversedocumenfrequeng (TF-IDF) weightingscheme.

2. Length dependent weighting. TheweightW,, is basednthelengthjwj (seeShave-Taylor
and Cristianini, 2004; Vishwanathanand Smola,2004), for example, so that longerwords
contribute morethanshorterwordsto a similarity measure A commonapproachs de ning
W,, usingadecayfactor0 | 1.

Wy, D1 W

3. Position dependent weighting. The weight W,, is basedon the positionof w in x. Vish-
wanatharandSmola(2004)proposea directweightingschemein whichW,, is de ned over
positionalweightsW . k; x/ for eachpositionk in x as

j
Wy Q)WX[IJ] D é W. K;x/:
kDi

An indirectapproacho positiondependentveightingcanbe implementedy extendingthe
alphabe®A with positionalinformationto/QQ)A N, sothateveryelement a; k/ 2 Kof the
extendedalphabeis a pair of a symbola anda positionk.

The introducedweighting schemesan be coupledto further re ne the embeddingbasedon
L, for example,in text processinghe impactof a particulartermmight be in uenced by the term
frequeng, inversedocumentrequeng andits length.

3.2 Vectorial Similarity Measures for Sequences

With anembeddindanguagd- athand,we cannow expresscommonvectorialsimilarity measures
in thedomainof sequenceslablel and2 list well-known kernelanddistancdunctions(seeVapnik,
1995; Schlkopf and Smola,2002; Webb,2002)in termsof L. The histogramintersectiorkernel
in Table1 derivesfrom computenision (seeSwain andBallard,1991;0doneetal., 2005)andthe
Jensen-Shannativergencein Table2 is de ned usingH. x;y/ D xlog XZCXy Cylog chyy.

A furtherandratherexotic classof vectorialsimilarity measuresresimilarity coefcients (see

SokalandSneath,1963;Anderbeg, 1973). Thesecoefcients have beendesignedor comparison
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Kernel k. x;y/

Linear AweL fw Xyl
Polynomial Buefw.- X/ fu.yl Cq?
Sigmoidal tanh & fw. X/ fw.y/ Cq
Gaussian exp —Xy<
Histogramintersection AweL Min. fy. x/; fy.yll

Tablel: Kernelfunctionsfor sequentiatiata.

Distance d. x;y/ Distance d. x;y/
Manhattan Awelifw- X fu.yl] Chebyshe maxyel jfw. X/ fw.Y/]
c? distance AweL %W Geodesic arccgs‘?lweLf w S/ fw.yl
Canberra Bl [ oy Hellinge? Bue - Tw X Fuyl?
Minkowski?  &weLifw- X/ fw.y/jP Jensen-Shannon  &wc H. fw. X/; fw. yll

Table2: Distancefunctionsfor sequentiatiata.

of binary vectorsandoften expressnon-metricproperties.They areconstructedisingthreesum-
mationvariablesa; b andc, whichre ect thenumberof matchingcomponent$1=1), left mismatch-
ing componentg0=1) andright mismatchingcomponentg1=0) in two binary vectors. Common
similarity coefcients aregivenin Table 3. For applicationto non-binaryvectorsthe summation
variablesg; b; c canbeextendedn termsof anembeddindanguagd. (Riecketal., 2006):

aD g min. fy. x/; fu.yll;

wel

bD [fu.x minfy.x/; fu.yl1];
welL

cDQ [fwy minfy.x;fu.yl]:
wel

Theabove de nition of a matcheghe histogramintersectiorkernelk providedin Table1, sothat
alternatvely all summatiorvariablescanbe expressedy

adDkxyl; bDkx;xI kxyl; cDKyyl Kk x;yl (2)
Sim. Coeff. s. Xyl Sim. Coeff. s. x;y/
Simpson a=min.aCb;acc Kulczynski(1) a=.bCcl
Jaccard a=.aCbCcl Kulczynski(2) 3. a:.F?Cb/ Ca=.acdl
Braun-Blanquet a=max aChb;aCc/ Otsuka,Ochiai a= .aCbl. acc
Czekanwski_, 2a=.2aCbCdl Sokal-Sneath, a=.ac2.bcdl
Sgrensen-Dice Anderbeg

Table3: Similarity coefcients for sequentiatiata
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Hence,onecanconsiderthe similarity coefcients givenin Table3 asvariationsof the histogram
intersectiorkernel,for example,the Jaccardoefcient canbeformulatedsolelyin termsof k:

a D k. x;y/ _
acbcc ™ kx;xI ckyyl  kxyl’

s. Xyl D

3.3 A Generic Framework for Similarity Measures

All of the similarity measurestroducedn the previous sectionsharea similar mathematicaton-
struction: an inner component-wisdunction is aggreated over eachdimensionusing an outer
operatoy for example,thelinearkernelis de ned asthe sumof component-wisg@roductsandthe
Chebyshe distanceasthe maximumof component-wisabsolutedifferences.

One can exploit this sharedstructureto derive a uni ed formulationfor similarity measures
(Riecketal., 2006,2007),consistingof aninnerfunctionm andanouteroperator asfollows

M
sx;y D mfw.x/; fw.yll 3)

weL

For conveniencen laterdesignof algorithmswe introducea“multiplication” operator which
correspond$o executingthe  operatiork times. Thus,foraryn2 Nandx2 R, wede ne as

X n:D f(_{z_}(

Given the uni ed form (3), kerneland distancefunctionspresentedn Table 1 and2 canbe
re-formulatedin termsof andm. Adaptationof similarity coefcients to the uni ed form (3)
involvesa re-formulationof the summatiorvariablesa, b andc. The particularde nitions of outer
andinnerfunctionsfor the presentegimilarity measurearegivenin Table4. The polynomialand
sigmoidalkernelsaswell asthe Geodesiaistancearenot shavn sincethey canbeexpressedising
alinearkernel. For the Chebyshe distancethe operator representshe identity function, while
for all othersimilarity measure# representa multiplication.

Kernel m. X; y/ Distance m. x;y/
Linear C Xy Manhattan C X Vi
Histograminters. ¢ min. xy/ c? distance C .x yl?>=xcyl
Canberra C X yj=.xCcyl
Sim. Coef. m. X;y/ MinkowskiP C ix yjP
Variablea C min. x;y/ Chebyshe max Iojx |a/j
Variableb C X min.xy/ Hellinger C X Tyl
Variablec C y min.xyl Jensen-Shannon C H.x;y/

Table4: Uni ed formulationof similarity measures.

As alaststeptowardsthe developmentof comparisoralgorithms,we needto addresghe high
dimensionalityof the featurespaceinducedby the embeddinganguagel.. The uni ed form (3)
theoreticallyinvolves computationof m over all w2 L, which is practicallyinfeasiblefor mostL.
Yetthefeaturespacdnducedby L is sparsesincea sequence comprisenly alimited numberof
contiguoussubsequences—aiost. jxj2 Cjxj/= 2 subsequencegs aconsequencef thesparseness
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only very few termsf . x/ andf . y/ in theuni ed form (3) have non-zerovalues.We exploit this
factby de ning m. 0;0/ D e, wheree is theneutralelemenfor theoperator , sothatfor any x2 R
holds

X eDX e XDX

By assigningm. 0;0/ to e, the computationof a similarity measurecan be reducedto cases
whereeitherf ;. X/ > Oorf . y/ > 0,asthetermm. 0;0/ doesnotaffecttheresultof expression(3).
We cannow re ne theuni ed form (3) by partitioningthe similarity measureto conjunctiveand
disjunctivemeasuresisinganauxiliary function £

M
sxyl D Rfyxl;fy
weL

1. Conjunctive similarity measures. The inner function m only accountspairwisenon-zero
componentssothatfor ary x 2 R holdsm. x;0/ © e andm. O;x/ De.

m.x;y/ if x>0andy> 0

R xy D .
otherwise.

Kernelfunctionsfall into this class,exceptfor the distance-baseBBF kernel. By usinga
kernelto expresssimilarity coefcients asshavn in expression(2), similarity coefcients
alsoexhibit theconjunctve property

2. Disjunctive similarity measures. The innerfunction m requiresat leastonecomponento
benon-zeroptherwisem. 0;0/ D e holds.

m.x;y/ ifx>0ory>0

R xyl D .
otherwise.

Exceptfor the Geodesidistanceall of the presentedlistancedall into this class.Depend-
ing onthe embeddindanguagethis classis computationamoreexpensve thanconjunctie
measures.

As aresult,ary similarity measureincludingthosein Table1, 2 and3, composedf aninner
and outer function can be appliedfor ef cient comparisonof embeddedsequencesf (a) a neu-
tral elemente for the outerfunction existsand(b) theinnerfunctionm is eitherconjunctve or
disjunctie, thatis atleastm. 0;0/ D e holds.

4. Algorithmsand Data Structures

We now introducedatastructuresandalgorithmsfor ef cient computatiorof theproposedimilarity
measuresln particular we presenthreeapproachesliffering in capabilitiesandimplementation
compleity covering simple sortedarrays,tries and generalizedsufx trees. For eachapproach,
we brie y presentthe involved datastructure,provide a discussiornof the comparisoralgorithm
andgive run-timeboundsfor extractionandcomparisorof embeddedequencesAdditionally, we
provide implementatiordetailsthatimprove run-timeperformancen practice.

As an examplerunning throughthis sectionwe considerthe two sequences 9 abbaaand
y D baaaabfrom thebinaryalphabe® D f a; bg andtheembeddindanguagef 3-gramsL D A 3.
For a datastructurestoringmultiple wordsw 2 L of possiblydifferentlengths,we denoteby k the
lengthof longestwords.
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4.1 Sorted Arrays

Data structure. A simple and intuitive representatiorfior storageof embeddedsequencesire
sortedarraysor alternatvely sortedlists (Joachims2002; Rieck et al., 2006; Sonnenhrg et al.,

2007). Givenan embeddinganguagel. anda sequence, all wordsw 2 L satisfyingw v x are
maintainedn anarray X alongwith their embeddingvaluesf . X/ . Each eld x of X consistsof

two attributes: the storedword word[X] andits embeddingvalue phi[x]. The lengthof anarray X

is denotedoy jXj. In orderto supportef cient comparisonthe elds of X aresortedby contained
words,for example,usingthelexicographicabrderof thealphabet . Figurelillustratesthesorted
arraysof 3-gramsextractedfrom thetwo examplesequences andy.

wordX] phi[X]
X e&——labbj 1—Ibaaj 1—bbaj 1] °
Y &——{aaaj 2—aabj 1}—baaj 1| )

Figurel: Sortedarraysof 3-gramsfor x D abbaaandy 9 baaaab The numberin each eld
indicateghe numberof occurrences.

Algorithm. Comparisorof two sortedarraysX andY is carriedout by looping over the elds

of both arraysin the mannerof memging sortedarrays(Knuth, 1973). During eachiterationthe
inner function m is computedover containedwords and aggrgjated using the operator . The
correspondingomparisorprocedurdan pseudo-codés givenin Algorithm 1. Herein,we denote
the casewhereaword w is presenin x andy asmatd andthe caseof w beingcontainedn either
X ory asmismatt. For run-timeimprovementthesemismatcheganbeignoredin Algorithm 1 if

a conjunctive similarity measures computedcf. Section3.3).

Algorithm 1 Array-basedsequenceomparison
1: function COMPARE(X;Y : Array): R
2: s ei 1) 1

3: whilei jXjorj jYjdo

4: x X[y Yl

5: if y D NIL or word[X] < word[y] then F Mismatchat x
6: s s m. phi[x];0/

7 i icC1l

8: else if x D NIL or wordX] > word]y] then F Mismatchaty
o: s s m.O;philyl/

10: ] jc1

11 else F Matchatx andy
12 s s m. phi[x]; philyl/

13: i iclLj jc1

14: return s
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Run-time. The comparisoralgorithmbasedon sortedarraysis simpleto implement,yetit does
not enabldineartime comparisorfor all embeddindanguagesfor example,if L D A*. However,
sortedarraysenabldineartime similarity measuresf thereexist O. jxj/ wordswith wv x, which
impliesall w2 L have no or constantoverlapin x. Examplesarethe commonbag-of-wordsand
k-gramembeddindanguages.

Undertheseconstraintsa sortedarrayis extractedfrom a sequences in O. kjxj/ time using
lineartime sorting, for example,radix sort (Knuth, 1973),wherek is the maximumlengthof all
wordsw 2 L in x. Thecomparisoralgorithmrequiresat mostjxj Cjyj iterations,sothattheworst-
caserun-timeis O. k. jxj Cjyj/l . For extractionandcomparisortherun-timecompleity is linearin
thesequencéengthsdueto theconstrainon constanbverlapof words,whichimplieskjxj 2 O. jxj/
for ary k andx.

Implementation notes. The simpledesignof the sortedarray approachenablesa very ef cient
extension.If we considera CPUwith registersof b bits, we restrictthe maximumword lengthk, so
thateveryword ts into a CPUregister This restrictionenablestorageandcomparisoroperations
to be performeddirectly on the CPU, thatis operationson wordsw with jwj  k are executedin
O. 1/ time. Dependingon the size of the alphabetA] andthe CPU bits b, the maximumword
lengthis bb=log,jAjc . In mary practicalapplicationsonecanstronglybene t from this extensions,
ask is eitherboundedanyway, for example,for k-grams,or longerwords are particularrareand
do not increaseaccurag signi cantly. For exampleon current64 bit CPU architectureone can
restrictk to 32for DNA sequencewith jAj D 4 andto k D 10for textualdocumentsvith jAj  64.
Alternatively, embeddedvordsmay alsobe representedsinghashvaluesof b bits, which enables
consideringvordsof arbitrarylength,but introducesa probabilityfor hashcollisions(Knuth,1973).

Anotherextensionfor computationof conjunctize measuresisingsortedarrayshasbeenpro-
posedby Sonnenhrg et al. (2007). If two sequencex andy have unbalancedsizesjxj jyj,
one loops over the shortersortedarray X and performsa binary searchprocedureon Y, in fa-
vor of processingooth sortedarraysin parallel. The worst-caserun-time for this comparisonis
O. k. jxjlog,jyj/l , sothatonemayautomaticallyapplythis extensionif for two sequences andy
holdsjxjlog,jyj < jXj Cjyj.

4.2 Tries

Data structure. A trie is atreestructurefor storageandretrieval of sequencesThe edgesof a
trie arelabeledwith symbolsof A (Fredkin,1960;Knuth, 1973).A pathfrom therootto amarked
nodex represents. storedsequencehereafteldenoteoby% A trie nodex containsa vectorof size
jAj linking to child nodesabinary ag to indicatethe endof asequencenark[x] andanembedding
valuephi[x].! Thei-th child noderepresentinghei-th symbolin A is accessedia childx;i]. If the
i-th child is not presentchildx;i] D NIL.

A sequencesg is embeddedisingatrie X by storingall w2 L with wv x andcorresponding
fw. x/ in X (Shave-Taylor andCristianini,2004). Figure 2 shaws tries of 3-gramsfor the two ex-
amplesequences andy. Note,thatfor the embeddindanguageof k-gramsconsideredn Figure2
all marked nodesare leaves, while for otherembeddinganguageshey may correspondo inner
nodes for example,for the caseof blendedk-grams whereevery nodein atrie marksthe endof a
sequence.

1. For convenience, we assume that child nodes are maintained in a vector, while in practice sorted lists, balanced trees
or hash tables may be preferred.

10
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a b

a
mark[x] il
phi[x] (1) @) (@) ) (@) @)
Figure2: Tries of 3-gramsfor x D abbaaandy D baaaab The numberin braclets at leaves

indicatethenumberof occurrencesMarked nodesaresquared White nodesareimplicit
andnot maintainedn acompactrie representation.
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Algorithm. Comparisorof two triesis performedasin Algorithm 2. Startingat the root nodes,
onerecursvely traversesothtriesin parallel.If thetraversalpassestleastonemarkednodethein-

nerfunctionmis computedaseitheramatchingor mismatchingvord occurred Riecketal., 2006).
To simplify presentatiorof the algorithm,we assumehat mark[NiL] returnsfalseand child[NIL; ]

returnsniL.

Algorithm 2 Trie-basedsequenceomparison
1: function COMPARE(X;Y : Trie) : R

2: S e

3: if X DNiLand Y D NIL then F Basecase
4: return s

5: fori  1;jAj do

6: X childX;i]; y childY;i]

7: if mark[x] and not mark[y] then F Mismatchat x
8: s s m. phi[x];0/

o: if not markix] and markjy] then F Mismatchaty
10: s s m.QO;philyl/
11 if mark[x] and markly] then F Matchatx andy
12: s s m. phi[x]; phily]/

13: s s COMPARE. XY/

14: return s

Run-time. The trie-basedapproachenabledineartime similarity measuresver a larger set of
formallanguageshansortedarrays.For trieswerequireall w2 L with wv x to have eitherconstant
overlapin x or to be pre x of anotherword, for example,asfor the blendedk-gramembedding
languages.

To determinethe run-time compleity ontries, we needto considerthe following property: A
trie storingn wordsof maximumlengthk hasdepthk andat mostkn nodes. Thus,a sequence
containingO. jxj/ wordsof maximumlengthk is embeddedisingatrie in O. kjxj/ run-time.As an

11
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invariantfor the comparisomprocedurethe nodesx andy in Algorithm 2 stayat the samedepthin
eachrecursion.Hence the comparisoralgorithmvisits at mostkjxj C kjyj nodeswhich resultsin
aworst-caseun-timeof O. k. jxj Cjyj/l . The extractionandcomparisorrun-timeis linearin the
sequencéengthsaswe requirewordsto eitherhave constanoverlap,whichimplieskjxj 2 O. jxj/,
or to bepre x of anotheword, whichimpliesthatbothwordsshareanidenticalpathin thetrie.

Implementation notes. The rst extensionfor thetrie datastructureis aggreationof embedding
valuesin nodeslf in Algorithm 2 amismatchoccursatnodex, thealgorithmrecursvely descendso
all child nodesof x. At this point,however, it is clearthatall nodeshelov x will alsobemismatches,
asall wordsw with Xv p W arenot presentin the comparedrie. This fact canbe exploited by
maintaininganaggreatedvaluej x ateachnodex givenby

M
ix:D  fu.x with | Dfw2 Lj%vag:

wel

Insteadof recursvely descendingtamismatchinghodex, oneuseg  to retrieve theaggreyationof
all lower embeddingvalues. The extensionallows disjunctive similarity measures$o be computed
asef cient asconjunctve measuresataworst-caseun-timeof O. kmin. jxj;jyj// .

The secondextensionoriginatesfrom the closerelation of tries and sufx trees. The nodes
of atrie canbe classi ed asimplicit if they link to only one child nodeandasexplicit otherwise.
By iteratively removing implicit nodesandappendingheir labelsto edgesof explicit parentnodes
oneobtainsa compacttrie (cf. Knuth, 1973;Gus eld, 1997). Edgesarelabeledby subsequences
encodedusingindicesi and j pointingto x[i::j]. The major benet of compacttriesis reduced
spacecomplity, which decreaseffom O. kjxj/ to O. jxj/ independenbf the maximumlengthk
of storedwords.

4.3 Generalized Suffix Trees

Data structure. A genenlizedsufx tree(GST)is acompactrie containingall sufx esof asetof

sufx. A GSTis obtainedby extendingeachsequence; with adelimiter$; 2 A andconstructinga
sufx treefrom theconcatenatioz D x1$1::: %% .
ForeachGSTnodev we denoteby children[v] thesetof child nodes,
N by length{v] the numberof symbolson theincomingedge,by depth[v]
the total numberof symbolson the pathfrom the root nodeto v and
by phi[v;i] the numberof sufx esof x; passingthroughnodev. As
/ every subsequencef x; is a pre x of somesufx, phi[v,i] re ects the
L lengthv] occurrencegalternatively frequeng or binary ag) for all subsequences
‘ ) terminatingontheedgeto v. An exampleof a GSTis givenin Figure3.
In the remainingpart we focus on the caseof two sequences andy delimited by $; and $,,
computatiorof similarity measuregver a setof sequencebeinga straightforvard extension.

depth[v]

Algorithm. Computatiorof similarity measuress carriedout by traversinga GSTin depth- rst
order (Rieck et al., 2007). An implementationin pseudo-codés givenin Algorithm 3. At each
nodev theinnerfunctionmis computedusing phi[v; 1] andphi[v; 2]. To accounfor differentwords
alonganedgeandto supportvariousembeddindanguageshefunction FILTER is employed,which
selectsappropriatecontritutions similar to the weightingintroducedby Vishwanatharand Smola

12
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Figure3: Generalizedsufx treefor x D abbad; andy D baaaal$,. Thenumbersn bracletsat
eachinnernodev correspondo phi[v; 1] and phil[v; 2]. Edgesareshavn with associated
subsequencedasteadof indices.

(2004). At anodev the functiontakeslength[v] and depth[v] of v asargumentso determinehow
much the nodeand its incoming edgecontrikute to the similarity measurefor example,for the
embeddindanguageof k-gramsonly nodesup to a pathdepthof k needto be considered.

Algorithm 3 GSTbasedsequenceomparison
1: function COMPARE(X;Y : A*): R
2: T CONCAT. X;Y/
3: S SUFFIXTREE. T/
4: return TRAVERSE. root[S]/

5: function TRAVERSE(V: Node): R

6: S e
7: for ¢ children[v] do
8: S s TRAVERSE.C/ F Depth- rst traversal
o: n  FILTER. length|V]; depthv]/ F Filter wordson edgeto v
10: S s m. phiv;1];philv;2]/ n
11: return s

Algorithm 4 shaws a Iter functionfor k-grams. The Iter returnsO for all edgesthatdo not
correspondo a k-gram,eitherbecausehey aretoo shallav or too deepin the GST, andreturnsl if
ak-gramterminateontheedgeto anodev.

Algorithm 4 Filter functionfor k-grams,L D AK
function FILTER(V: Node): N
if depthlv] kand depth[v] length[v] < k then
return 1
return 0

13
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Another exampleof a Iter is givenin Algorithm 5. The lter implementsthe embedding
languagde. D A*. Theincomingedgeto a nodev contributesto a similarity measuredy length[v],
becausexactly lengthv] contiguoussubsequencedsrminateon theedgeto v.

Algorithm 5 Filter functionfor all contiguoussubsequencek, D A *
function FILTER(V : Node): N
return lengthv]

Thebag-of-wordsmodelcanbeimplementectitherby encodingeachword asasymbolof A or
by augmentinghodedto indicatethe presencef delimitersymbolson edges Furtherde nitions of
weightingschemesor stringkernelswhicharesuitablefor Algorithm 3, aregivenby Vishwanathan
andSmola(2004).

Run-time. Sufx treesarewell-known for their ability to enhanceun-timeperformancef string
algorithms (Gus eld, 1997). The adwantageexploited hereinis that a sufx tree comprisesa
guadraticamountof information,namelyall sufx es,in alinearrepresentationThus,a GST en-
ableslineartime computatiorof similarity measuresgvenif a sequence containsO. jxj%/ words
andtheembeddindanguagecorrespondso L D A*.

Therearewell-known algorithmsfor lineartime constructiorof sufx trees(e.g.,Weiner,1973;
McCreight,1976;Ukkonen,1995),sothata GST for two sequences andy canbe constructedn
0. jXj Cjyj! usingtheconcatenatioz D x$1y$, . As aGST containsat most2jzj nodestheworst-
caserun-timeof ary traversalis O. jzj/ D O.jxj Cjyj/ . Consequentlycomputationof similarity
measurebetweensequencesisinga GST canbe realizedin time linear in the sequencéengths
independentf the compleity of L.

Implementation notes. In practicethe GST algorithmmay suffer from high memoryconsump-
tion, dueto storageof child nodesandsufx links. To alleviate this probleman alternatve data
structurewith similar properties—sufx arrays—was proposedoy Manberand Myers (1993). A

sufx arrayis anintegerarrayenumeratinghe sufx esof a sequence in lexicographicalorder It

canbe constructedn linear run-time, however, algorithmswith supeflinear run-timeare surpris-
ingly fasteron real-world data(seeManzini andFerragina2004;ManiscalcoandPuglisi,2007).

Abouelhodeet al. (2004) proposea genericprocedurdor replacingsufx treeswith enhanced
sufx array for example,asperformedfor the string kernelcomputatiorof TeoandVishwanathan
(2006). This procedurenvolvesseveralauxiliary datastructuregor maintenancef child nodesand
sufx links. In ourimplementatiorwe follow a differentapproactbasednthework of Kasaietal.
(2001la)andKasaiet al. (2001b). Using a sufx arrayandan array of longest-commorpre xes
(LCP)for sufx es,wereplacethetraversalof the GSTby loopingoverageneralizegufx arrayin
lineartime.

Applicationof sufx arraysreducesnemoryrequirementdy a factorof 4. About 11jzj bytes
arerequiredfor the modi ed GST algorithm: 8 bytesfor a sufx andinversesufx array 2 bytes
for sequencendicesandon averagel byte for an LCP array In comparisona sufx treeusu-
ally requiresover 40jzj bytes(Abouelhodaet al., 2004) andthe enhancedufx arrayof Teoand
Vishwanatharn(2006)aboutl19zj bytes.
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5. Experimentsand Applications

In orderto evaluatetherun-timeperformancef theproposedomparisoralgorithmsin practiceand
to investigate the effect of differentsimilarity measure®n sequentiatata,we conductedsxperi-
mentson realworld sequencesWe chosenine datasetsfrom the domainsof bioinformatics,text
processingandcomputersecurity Detailsabouteachdataset,containedsequenceandreferences
aregivenin Tableb.

Name \Sequence type # A jXju  Reference
Bioinformatics

ARTS DNA sequences 46794 4 2400 Sonnenhrg etal. (2006)
C.Elggans | DNA sequences 10025 4 10000 WormbasaNS120
SPROT Proteinsequences 150807 23 467 O'Donovanetal. (2002)
Text processing

Reuters | Newsarticles 19042 92 839 Lewis(1997)

Heise News articles 30146 96 1800 www.heise.de

RFC Text documents 4589 106 49954 www.rfc-editor.org
Computersecurity

HIDS Systemcall traces 25979 83 156 Lippmannetal. (2000)
NIDS Connectiorpayloads 21330 116 1274 Lippmannetal.(2000)
Spam Emailsbodies 33702 176 1539 Metsisetal.(2006)

Table5: Datasetsof sequenceslhenumberof sequencem eachsetis denoteddy #, thealphabet
sizeby jAj andtheaveragesequencéengthby jxj,.

5.1 Run-time Experiments

Thelineartime algorithmspresentedn Section4 build on datastructureof increasingcompleity
and capability—sortedarraysare simple but limited in capabilities,tries are more involved, yet
they do not cover all embeddindanguagesndgeneralizedufx treesarerelatively complec and
supportthe full rangeof embeddinganguages.In practice,however, it is the absoluteand not
asymptotiaun-timethatmatters.Sincetheabsoluteun-timeis affectedby hiddenconstanfactors,
dependingon designandimplementatiorof analgorithm,it canonly be evaluatedexperimentally

Thereforeeachalgorithm was implementedusing enhancementsoveredin implementation
notes.In particular for Algorithm 1 we incorporateds4-bit variablesto realizea sorted64-bit ar
ray, for Algorithm 2 we implementeda compacttrie representatiomndfor Algorithm 3 we used
generalizedufx arraysin favor of sufx trees.For eachof thesealgorithmswe conductedexperi-
mentsusingdifferentembeddindanguages$o assessherun-timeon the datasetsgivenin Table5.

We appliedthe following experimentalprocedureand averagedrun-time over 10 individual
runs:500sequencearerandomlydravn from adatasetanda500 500matrixis computedor the
Manhattardistancausinga choserembeddindanguage Therun-timeof thematrix computatioris
measuredndreportedin pairwisecomparisonpersecond.Note, thatdueto the symmetryof the
Manhattardistanceonly . n? C n/= 2 comparisonsieedto be performedior ann  n matrix.
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Figure4: Run-timeof sequencesomparisorover word k-gramsfor differentalgorithms. The x-
axis givestheword k-gramlengths. The y-axis showvs the numberof comparisoropera-
tionspersecondn log-scale.

Embedding language: bag-of-words. As a rst embeddindanguagewe considerthe bag-of-
wordsmodel. Sincenaturalwordscanbe de ned only for textual data,we limit the focusof this
experimentto text datasetsin Table5. In particular we usethe embeddinganguageof word
k-grams—covering the classic*bag of words” asword 1-grams—byusing an alphabetof words
insteadof characters Eachsymbolof the alphabets storedin 32 bits, sothat up to 232 different
wordscanberepresentedexperimentsareconductedor valuesof k rangingfrom 1 to 8.

Figure4 shaws the run-timeperformancenf theimplementedalgorithmsasa function of k on
theReutersHeiseandRFCdatasets.Thesortedarrayapproactsigni cantly outperformgheother
algorithmson all datasets,yetit canonly beappliedfor k 2, asit is limited to 64 bits. For small
valuesof k sufx arraysrequiremoretime for eachcomparisorcomparedo compactries, while
for k> 5 their performancas similar to compactries. This differenceis explainedby the number
of uniquek-gramsn, in eachsequence. For smallvaluesof k oftenholdsny < jxj, sothata trie
comparisorrequiresO. k. ny Cny// timein contrastto O. jxj Cjyj/ for asufx array Theworse
run-timeperformancen the RFC datasetis dueto longersequences.

Embedding language: k-grams. For this experimentwe focus on the embeddinganguageof
k-gramswhichis notlimited to a particulartype of sequencesothatexperimentsvereconducted
for all datasetsin Table5. In contrasto theprevioussetup k-gramsareassociateavith theoriginal
alphabetof eachdataset: DNA basesand proteinsfor bioinformatics,characterdor texts, and
systemcallsandbytesfor computersecurity For eachdatasetthevalueof k is variedfrom 1 to 19.

Therun-timeasafunctionof k for eachdatasetandalgorithmis givenin Figure5. Thesorted
arrayapproachagainyieldsthebestperformancen all datasets.Moreover, thelimitation of sorted
arraysto 64 bits doesnot effect all datasets,sothatfor DNA all k-gramlengthscanbe computed.
The sufx array slightly outperformsthe trie comparisonfor larger value of k, asits worst-case
run-timeis independenodf the lengthof k-grams.Absoluteperformancen termsof the numberof
comparisonpersecondliffersamongdatasetsdueto differentaveragesequencéengths.For data
setswith shortsequencege.g.,HIDS, ARTS) performanceatesup to 10° comparisonpersecond
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Figure5: Run-timeof sequencesomparisonover k-gramsfor differentalgorithms. The x-axis
givesthe k-gramlengths. The y-axis shavs the numberof comparisonoperationsper
secondn log-scale.
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areattainablewhile for datasetswith longersequencege.g.,.SpamRFC)generallyupto 103 10
comparisonpersecondareachiazableat best.

5.2 Applications

We nowv demonstratahat the ability of our approachto computediversesimilarity measuress
bene cial in real applicationsgspeciallyin unsupervisedearningscenarios.Our experimentsare
performedor: (a) catgyorizationof news articles,(b) intrusiondetectionin network traf ¢ (c) tran-
scriptionstartsiterecognitionin DNA sequences.

Unsupervised text categorization. For this experimentnews articlesfrom the topics“Coffee”,
“Interest”, “Sugar” and“Trade” in the Reutersdatasetare selected.The learningtaskis to cate-
gorizethesearticlesusingclustering,without ary prior knowledgeof labels. As preprocessingve
remove all stopwordsandwordsthatoccurin singlearticlesonly. We thencomputedissimilar
ity matricesfor the Euclidean,Manhattanand Jensen-Shannatistanceausing the bag-of-words
embeddindanguageasdiscussedn Section3. The embeddedarticlesare nally assignedo four
clustersusingcompletdinkageclustering(seeDudaetal., 2001).

Figure6(a)shaws projectionsof theembeddedrticlesobtainedrom thedissimilaritymatrices
usingmultidimensionabkcaling(seeDudaetal., 2001). Althoughprojectionsarelimited in describ-
ing high-dimensionabata,they visualizestructureand, thus, help to interpretclusteringresults.
For example,the projectionof the Euclideandistancesn Figure 6(a) noticeablydiffersin shape
comparedo the ManhattarandJensen-Shannatistances.

The clusterassignmentarepresentedn Figure6(b) andthedistribution of topic labelsamong
clustersis givenin Figure6(c). For the Euclideandistancethe clusteringfails to urveil features
discriminatie for articletopics,asthemajority of articlesis assignedo asinglecluster In compar
ison, the Manhattanand Jensen-Shannatistanceallow cateyorizationof the topics“Coffee” and
“Sugar”, dueto obsenedhigh frequencie®f respectie wordsin articles.However, the Manhattan
distancedoesno allow discriminationof the othertwo topics,asboth are mixed amongtwo clus-
ters. The Jensen-Shanndtistanceenablesetterseparatiorof all four topics. Thetopics“Coffee”
and“Sugar” are almostperfectly assignedo clustersandthe topics“Interest” and“Trade” each
constitutethe majority in arespectie cluster

Network intrusion detection. Network intrusiondetectiomaimsto automaticallyidentify hacler
attacksin network trafc. As labelsfor suchdataare hardto obtainin practice,unsupervised
learninghasgainedattentionin intrusiondetectionresearch.The NIDS datasetusedfor the run-
time experimentg(cf. Table5) is known to containmajor artifacts(seeMcHugh, 2000). In order
to provide a fair investigation of the impactof varioussimilarity measure®n detectionof attacks,
we generatedh smallerprivate dataset. Normal trafc was recordedfrom the membersof our
laboratoryby providing avirtual network. Additionally attackswereinjectedby a securityexpert.

For thisexperimentwe pursueanunsupervisetkarningapproacho network intrusiondetection
(Rieck and Laskov, 2007). The incoming byte sequencesf network connectionsare embedded
usingthe languageof 5-grams,andZeta, an unsupervise@nomalydetectionmethodbasedon k-
nearesheighborsijs appliedover the following similarity measuresthe Euclidean Manhattarand
Jensen-Shannatistanceandthe secondKulczynskicoefcient (seeSection3.2).

ROC cunesfor the detectionof attacksin the network protocolsHTTR, FTP and SMTP are
shawvn in Figure7. Application of the Jensen-ShannatistanceandseconKulczynskicoefcient
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Figure6: Clusteringof Reutersarticlesusingdifferentsimilarity measuregbag-of-words).

Transcription start site recognition.
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yield the highestdetectionaccurag. Over 78% of all attacksareidenti ed with no false-positres
in anunsupervisedetup.In comparisonthe Euclideanand Manhattandistancegive signi cantly
lower detectiorratesonthe FTPandSMTP protocols.The poordetectiorperformancef thelatter
two similarity measureemphasizethatchoosinga discriminatve similarity measures crucialfor
achiezing high accurag in a particularapplication.

Thelastapplicationfocuseson recognitionof transcription
startsites(TSS),which markthebegginningof genesn DNA. We considethe ARTS dataset,which
compriseshumanDNA sequencethat eithercover the TSSof proteincodinggenesor have been
extractedrandomlyfrom theinterior of genesFollowing the approactof Sonnenhrg etal. (2006)
thesesequenceareembeddedisingthe languageof 6-gramsanda supportvectormaching(SVM)
anda baggedk-nearesneighborclassi er aretrainedand evaluatedon the different partitionsof
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Figure7: ROC curwesfor unsupervise@anomalydetectionon 5-gramsof network connectionsand
attacksrecordedat our laboratory
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Figure8: ROC curvesfor superviseé@ndunsupervisedecognitionof transcriptiorstartsites(TSS)
on 6-gramsof DNA sequencefARTS dataset).

the dataset. Eachmethodis evaluatedfor the Euclideandistance,the Manhattandistanceand
the secondKulczynskicoefcient. As only 10% of the sequence the datasetcorrespondo

transcriptionstartsites,we additionally apply the unsupervisedautlier detectionmethodGamma
(Harmelingetal., 2006),whichis similar to the methodemployedin the previousexperiment.

Figure 8 shaws the performanceachiesed by the baggedk-nearesheighborclassi er andthe
unsupervisedearningmethod? The accuray in both setupsstronglydepend®n the chosersim-
ilarity measures.The metric distancegyield betteraccurag in the supervisedsetup. The second
Kulczynskicoefcient and alsothe Manhattandistanceperformsigni cantly betterthanthe Eu-
clideandistancdn unsuperviseadpplication.In theabsencef labelsthesemeasuresxpressbetter
discriminative propertiesfor TSSrecognition,that are dif cult to accesghroughEuclideandis-
tances. For the supervisedapplication,the classi cation performances limited for all similarity

2. Results for the SVM are similar to the bagged k-nearest neighbor classifier and have been omitted.
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measuresas only somediscriminatve featuresfor TSS recognitionare encapsulatedh k-gram
models(cf. Sonnenhrg etal., 2006).

6. Conclusions

The framenork for comparisorof sequenceproposedn this article providesmeansfor ef cient
computationof a large variety of similarity measuresincluding kernels,distancesandnon-metric
similarity coefcients. Theframawvork is basedon embeddingpf sequencem a high-dimensional
featurespaceusingformal languagessuchask-grams,contiguoussubsequencegtc. Threeim-
plementation®f the proposedramenork using differentdatastructureshave beendiscusseagnd
experimentallyevaluated.

Although all threedatastructuresthat were considered—sortedrrays,tries and generalized
sufx trees—hge asymptoticallylinear run-time, signi cant differencesn the absoluterun-time
have beenobseredin our experiments.The constanfactorsareaffectedby variousdesignissues
illustrated by our remarkson implementationof the proposedalgorithms. In general,we have
obseredaconsistentrade-of betweenrun-timeef ciency andcomplity of embeddindanguages
a particulardatastructurecanhandle. Sortedarraysarethe mostef cient datastructure;however,
theirapplicabilityis limited to k-gramsandbag-of-wordsmodels.On the otherendof thespectrum
aregeneralizedufx trees(andtheir morespace-etient implementatiorusingsufx arrays)that
canhandleunrestrictecembeddindanguages—ad costof morecomplicatedalgorithmsandlower
efciency. The optimal datastructurefor computationof similarity measureshusdependon the
embeddindanguageo beusedin a particularapplication.

The proposedramevork offers machinelearningresearcheran opportunityto usea large va-
riety of similarity measure$or applicationghatinvolve sequentiatiata. Althoughanoptimal sim-
ilarity measure—a# is well known andhasbeenalsoobseredin our experiments—dependsn
a particularapplication the technicalmeansfor seamles#ncorporationof varioussimilarity mea-
surescanbeof greatutility in practicalapplicationsof machindearning.Especiallyappealings the
possibility for ef cient computationof non-Euclideardistancesover embeddedequencesyhich
extendapplicablesimilarity measure$or sequencebeyondinnerproductsandkernelfunctions.

In general,the proposedramavork demonstratean importantadvantageof abstractingdata
representation—ithe form of pairwiserelationships—frontearningalgorithms which will hope-
fully motivatefurtherinvestigationof learningalgorithmsusinga generaform of suchabstraction.
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